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Theory and Numerical Modeling of a Compact
Low-Field High-Frequency Gyrotron
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Abstract —The electron-cyclotron maser interaction provides an ex.

tremely efficient means of generating high-power radiation in the millime-

ter and submillimeter regimes. For devices where both high fr~quencies and

low magnetic fields are required, high cyclotron-harmonic interactions must

be considered. We present here a finear and nonlinear analysis of a TEmll

wbispcring-gaflery-mode gyrotron. Resonances at the rnth and (m + l)th

cyclotron harmonic are found. The start oscillation condition is calculated
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from linear theory for a wide range of parameters. Maximum efficiency for

different beam and cavity conditions is calculated with a fnliy relativistic

numericaf simulation code. High efficiencies, >35 percent, have been

found at the rrrth cyclotron harmonic. The effect on the efficiency of an

initiaf velocity spread in the electron beam has afso heen considered.

I. INTRODUCTION

T HE ELECTRON-CYCLOTRON maser interaction

provides perhaps one of the most efficient mecha-

nisms for generating continuous high-power radiation in

the millimeter and submillimeter regimes [1]–[6]. The inter-

action takes place between the electromagnetic (RF) waves

of a cavity or waveguide, and an electron beam in which

the electrons comprising the beam move along individual
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helical orbitsin the presence of unapplied magnetic field,

and is due to azimuthal bunching which results from the

relativistic mass dependence on particle energy. The oscil-

lation frequency is determined jointly by the cavity or

waveguide and by the particle magnetic resonance. This

allows the use of systems with higher mode densities than

would be possible for most other devices, permitting cavity

dimensions large compared to the radiation wavelength.

Ohmic dissipation due to wall losses will be much smaller

in such systems, and larger output powers are possible at a

given frequency [7]. Research in the past decades has

indicated that high-frequency radiation sources based upon

the cyclotron maser mechanism may have great practical

applications in areas ranging from RF heating of fusion

plasmas [7]–[10] to new high-power short-wavelength radar

systems [11] and plasma diagnostics.

Electron-cyclotron maser interaction studies have pri-

marily addressed three types of devices, each representing a

general experimental configuration. In the first [12] -[23],

the traveling-wave amplifier, the interaction of the RF field

with an electron beam leads to a spatial growth of the

electromagnetic wave as it traverses the waveguide. In the

second, the gyrotron oscillator [24]–[41], on which the

present study is based, the electron beam interacts with a

constant amplitude cavity standing-wave RF field. The

third device is the quasioptical open-cavity resonator

[42] -[46]. Operation at high frequencies at the fundamental

cyclotron harmonic in each case requires background mag-

netic fields which only can be generated by superconduct-

ing magnets. At 100 GHz, for example, the required mag-

netic field would be = 35 kg. In situations where high

magnetic fields are not practical to achieve high frequen-

cies, high cyclotron harmonics must be considered.

It is apparent that the most effective coupling to the high

cyclotron harmonics for the cyclotron maser interaction

occurs for the circular TE~ll (whispering-gallery) mode [3],

[7], [34], [39] -[41], [47]. The TEmll mode also is attractive

in that it often suffers less mode competition than the

TEOnl mode [7], and that the large-orbit electron beams

needed are less affected by space charge [7]. Mode compet-

ition for TE~ll modes can be reduced further by the

introduction of an azimuthal structure [39], [40], [48]. The

T%ll mode, however, does suffer from higher ohmic wall
heating [7] (which is not significant for the output power

levels considered in this paper) and from the need for a

high-energy large-orbit electron beam for good high-

harmonic operation due to the concentration of the RF

field near to the cavity walls. Generation of the high-energy

helical electron beam required can be efficiently accom-

plished, though, through the resonant acceleration of a

low-energy beam in a cavity excited in the TEIII mode by

an external high-power source of radiation [49]–[5 1].

The purpose of this paper is to present a fully relativistic

linear and nonlinear analysis of the single-particle dy-

namics in a TE~ll gyrotron oscillator operating at the m th

harmonic of the cyclotron frequency. The cavity configura-

tion considered here is similar to that studied experimen-

tally by Jory [47] and by McDermott et al. [51]. In a

gyrotron, the nature of the cyclotron maser interaction is

more complicated than in a traveling-wave amplifier [34],

mainly due to the RF wave now consisting of both a

forward and a backward wave. The gyrotron is, therefore,

much more difficult to model analytically in the nonlinear

regime. We have for this reason, in the present analysis,

limited our analytic treatment primarily to the weak-field

regime. For large RF fields, where the behavior is nonlin-

ear, we have used a numerical treatment of the particle

dynamics. The linear model provides a parameterization of

the start oscillation condition, and an understanding of the

instability mechanism. The linear theory also provides a

useful check of the nonlinear code at low-field amplitudes.

In the nonlinear regime, we find that the primary mecha-

nism for saturation of the efficiency is due to phase trap-

ping. The trapping width is determined by both the exter-

nal magnetic field and the amplitude of the RF field in the

cavity. We have studied the effect on interaction efficiency

due to m-mode number, cavity dimensions, beam energy,

pitch angle, beam velocity spread, and beam position. We

find that efficiencies >35 percent can be achieved in

simple cavities without resorting to magnetic field shaping

or complicated cavity design.

This paper is organized as follows. In Section II, we

present the model used along with the basic equations and

assumptions. In Section III, an analytic treatment of the

linear regime is presented and start oscillation currents are

derived. Section IV consists of a nonlinear numerical anal-

ysis of the gyrotron system. Conclusions are presented in

Section V.

II. MODEL, BASIC EQUATIONS, AND ASSUMPTIONS

In the TE ~11 whispering-gallery-mode gyrotron under

study, a large helical-orbit axis-encircling electron beam is

injected into an open-ended cylindrical cavity and propa-

gates along the z axis, guided by a magnetic field (Fig. 1).

We have considered the beam as being initially cold and

monoenergetic. The electron beams treated are typical of

those generated by a TEI1l resonant accelerator cavity [49],

[50], and have kinetic energy predominantly transverse to

the direction of the axial guide magnetic field. This is

highly desirable for the cyclotron maser interaction, which,

under optimum conditions, leads to azimuthal electron

bunching, with a subsequent loss of transverse kinetic

energy to the RF fields. Electrons with initial energies in

the range of 50–300 keV are considered. We assume in this

paper that, for the moderate-output power levels consid-

ered, the beam is sufficiently tenuous that space charge

fields can be neglected, and that the beam does not modify

the normal-mode RF field structure of the cavity. The

cavity modes used are those for closed cavities, neglecting

the beam input and output apertures. In a subsequent

paper, we will consider space-charge effects and cavity

modes, including the effects of finite apertures. A single

standing-mode approximation was used in the analysis. As

an additional approximation, the tightly wound spiral of

the beam was treated as a hollow rotating shell of charge.
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Fig. 1. (a) Side view and (b) end view of the gyrotron oscillator. The
three vectors 7, Fg,, and FL give the electron’s radiat position, the center
of its orbit relative to the cavity center, and its Larmor radius about this
guiding center.

Under our assumptions, the relativistic elebtron equation

of motions is

:=-:(’+%) “)
where ~ is the electron four-velocity, e is the electron

charge, m, is the electron rest mass, y = (1+ U2/c2 )1/2 is

the Lorentz factor, c is the speed of light, ~ = (Er, EO,O),

~ = (B,, Be, BO + B, ), BO is the applied background mag-
netic field, and E,, E., B,, BO, and B, are the TE~~[ RF

circularly polarized standing-wave fields given by

‘r=-Er$$~r))sin@z’cOs@’-@”‘2)
EO=EoJJ(kl r)sin(kl, z)sin(nztl -@t) (3)

(5)

and

()ck~
BZ=EO — .l~(klr)sin(kl, z)cos(nzf3 -d).

a
(6)

In (2)–(6), a prime indicates differentiation with respect to

the arguments, kl = x~. /rw, where x~. is the n th non-

vanishing root of J~ (x ) = O, J~ (x ) is the well-known Bessel

function, rw is the cavity radius, k,, = IT1/L, where L is the

cavity length, and a = C(k? + k ~)1/2 is the wave frequency.

We have, for the most part, considered cavities for which

u = kl c and where kl >> k,1 so that the RF magnetic field

components B, and Be are small compared to E, and Ee.

These TE~~, modes are fast waves, and this fact will be

exploited in the analysis. The electron

followed by solving

d%=~

dt y“

The equation for the particle energy

from (l), to give

dy = _ leld.~

dt ymec= “

Y
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positions can be

(7)

can be obtained

(8)

Circular polarization only was considered. The results

for a linearly polarized standing wave for the cases studied

are essentially the same as for a circularly polarized wave

of half its amplitude. The component of the linear wave

with rotational direction opposite to the beam averages

out. For convenience, we switch now to dimensionless

units, using the cavity radius as our scaling parameter. In

the new units (normalized notation will be denoted by a

bar), length is’ measured in units of rw, time in units of

rw/c, and fields in units of m ec2/ Ie Irw. This allows us to

rewrite (l)–(8) as

:=-(”+) (9)

E,=– Eo H?nJm(zLF)
ZL F

sin(Zll Z)cos(mf3 – Z) (10)

and

dY = G“ 2

di Y“

(15)

(16)

In our analysis, we have considered the whispering-

gallery gyrotron system to be in steady state, with the

power output (Pw) due to diffractive loss (assuming negli-

gible wall heating) balancing the energy loss of the beam

power ( P~) to the cavity fields. The wave energy stored in

the cavity can be written as

TQis leads, for a give cavity Q factor, to

Pw = aWf/Q

= 0.25motiE~Lr~J~ (xMm)(l – m2/x~. )/Q

= 5.4X105G~~~~(X..)(l – m2/x~.)/Q kW.
(18)
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The beam energy to sustain the steady-state fields is given

by

Ph = IVO = Pw,/q

5.4x lo5ZJE;D:(xn1n)(l – m2/.x;n)
—

Q~
kW (19)

where 1 is the beam current, VOis the initial beam energy m
,,

volts, and where q is the efficiency defined as the ratio of

the 10SS in beam electron kinetic energy to its initial kinetic

energy
/v. —v. \

()~=‘u ‘f .

ye–l
(20)

In (20), YOand Yf are, respectively, the average initial and
final values for the beam y. The efficiency q is the quantity

to be solved for in terms of the beam, cavity, and field

parameters, in order to detkrmine the gyrotron power

balance. Defining the guiding center radius ?gC, about

which the cylindrical shell beam is initially centered, the

parameters of the system are: ?gC,D,, o, DL o, ~, Eo, Bo, %

n, and 1, where @no = ~,o/yo and ~lo = ~lo/yo are the

initial parallel and perpendicular velocities normalized to

the speed of light, and ~1 o = (~,~ + ~o~)l/2.

Our primary interest in this paper is the cyclotron maser

interaction, which, for a TE~fif mode and an axis-encircling
electron beam, occurs at the m th cyclotron harmonic for

angular frequencies

where Q is the rest-mass cyclotron frequency

(21)

(22)

(Note that, in dimensionless units, (21) and (22) give

D > mQ/yo = m~o / y..) For magnetic fields satisfying re-
lation (21), there are strong limitations on the orbital

position of the beam. Ignoring the magnetic field associ-

ated with the RF radiation, the electron Larmor radius is

Z7,
j=L ==.

BO

When G > m~/y, FL satisfies the inequality

m~~?L>—
x mn

where we assume ~ >> ~,,. The RF electric

(23)

(24)

field has its
maximum near to the wall. Unless ~1 = 1 (i.e., a high-

energy beam), the electron orbit lies well within the radial

peak of the RF field and the interaction is poor. For n >1,

orbits lie within the first radial maxima as the relation for

the Bessel function argument ~17L > m~l is independent

of n.

III. LINEAR REGIME

we present here a treatment of the weak RF field regime

for which the particle dynamics can be handled by linear

theory. we have solved the single-particle equations

(9)-(15) in place of the linearized Vlasov equation in order

to facilitate direct comparison with the numerical nonlin-

ear ~gh-field treatment, which uses the same equations. In

our fully relativistic linear perturbation treatment, all RF

field components are retained, and the approximations for

a >> Z,, and /3,, 0<<1 are made only at the end. Resonances

were found for ~ = mQ/yo, and ~ = (m i-l) Q/ye. The

(m+ l)th harmonic interaction leads to absorption, the

m th harmonic interaction allows both emission and ab-

sorption and the (m – l)th harmonic leads to emission. The

(m i- l)th harmonics are often missing from the analysis in

some of the existing literature because of approximations

that do not consider the radial displacement of the large-

orbit beam, but concentrate on azimuthal variations that

do lead correctly to solutions for the mth harmonic

cyclotron maser interaction. We consider here, primarily,

the d = m~/yo resonance, which is caused by the relativis-

tic cyclotron maser instability. We leave the (m – l)th

harmonic emission, which comes from a nonrelativistic

radial instability, to a subsequent investigation (see

Sprangle [16] for a discussion of these three modes for a

traveling-wave amplifier). The (m – l)th interaction corre-

sponds to the Peniotron [52].

In treating the weak-field particle orbits, we make here a

change of variables, replacing (~,, UO) by ( ~1, A), where

~O=~’sin(A) (25)

and

~=~lcos(A). (26)

In terms of these new variables, the momentum and posi-

tion equations (9) and (15), become

and

de _ ~lsin(A)

di – y?

(27)

(28)

(29)

(30)

(31)

(32)

The zero-order orbits for axis-encircling electrons with

initial velocities ~zo and UL o in the absence RF fields have
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as their solution

g=qo (33a)

v- =Vlo (33b)

A = ~/2 (33C)

u~_ ZOf
(33d)

Yo

and

(33e)

~=o +gj
.0 (33f)

Yo

where we have taken 2 = O, and d = 00 at i = O.

Using (33), we linearize (27)-(32), using ~0 as our small

expansion parameter, to obtain the equations for the per-

turbed velocities and positions

(34)

(35)

and

d(S7 VL o
— 6A

di=– Yo

(36)

(37)

(38)

(39)

where y; ~ = 1 + ~~0 and y,% = 1 + ~,~. (Note that 8U, =

– ~. 06A.)

Using the RF fields given in (10)–(14), we integrate for

8Q and tl~l along the unperturbed orbits, to find

8Q=&’)(JJ(%)

“{[sin(mOo + ++i)-sin(mflo)]

++

[sin(nzOo + +-i) -sin(mflo)]
+ #-

)
(40)

[sin(nzdo + *+i)-sin(mOo)]
.L

[1

_ ~+ 7i11% [sin(mf30 + ~-i)–sin(nzdo)]

u yo
*-

}

where 4* = + ~,, ~=o\yO + m~/yo – G, and the argument

of the Bessel functions is ~1 7.. ~ ~ = O gives the m th

harmonic resonance conditions with the forward and back-

ward RF wave, respectively. When 1=1, the forward and

backward waves cross:couple strongly. For 1>1, two sep-

arate resonances aris&! For interactions under fast-wave

conditions, when %,, << Z, we find 18~ZI << 18U11.

Equation (36) for 8A cannot be integrated directly, as it

contains 87. However, taking its derivative with respect to

time and using (39) gives a second-order inhomogeneous

equation for 8A which can then be solved to yield

8A=(&#~(%j(~)+(++-~);

‘(+--:)B]sin(m’o)sin(%)

[
+A cos(mdo+~+i)

-Cos(m’o+al+dcos-’)
( 11

Cl.
–COS m6$+~t (42)

where

A=

(43)

and

B=

{[1’*114-(5)+:(’’’[=1=’’-’.}
(H’-’+-]’} “

(44) ‘

year the m th harmonic resonance (i.e., where I++ 1,Iy!- I <<

!J/yO), 8A can be approximated, for iii >> i,, U.. /yo, as

( )()
—

‘0 J’ cos(mdo+~+i)(3A=– & ~ ( m)[
10

–cos(mdo + +-i)] . (45)

This resulting value for 8A comes from the centrifugal

force term in (36).(41)
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Equations (3’7) and (38) now can be integrated to give

( )[[E,
ae= —

~ [cos(rnOo + ++i)-cos(wzOo)] + isin(mdo) + ~ [cos(mdo + IJ-i)-cos(m”do)] + isin(mdo)

2Z710 (++)2 4+ H w)’ 1

I
(y +sn:,o]+J~~)-i]sin(mj(471+1[Cos(mo’+:’)-cos(meod‘

and

[(1111G. ‘~sih(mdo + +b+i)-sin(m@o)] [Sin(meo+:’)-s
.sin(mdo) cos <t –1 –A —

4+ n

[

_ ~ [sin(mdo + *-i) -sin(mO,)] [Sin(meo+:’)-sin(mood—~- Gi)
where

(48)

()
The (m + I)th, mth, and (m – l)th harmonic resonances

1= : 2(A+B) (51) are apparent in the relations for 8A, 87, and 8t9. For
fast-wave interactions near the m th harmonic with ~o/yo
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<<1, the expressions for 88 and 87 can be reduced to

379

where

“[lcos(rnf30 + ++i)–cos(mOO) + isin(rnOO)

(++)2 ++ 1

[

cos(mt10 + *-i)–cos(rnOO) + isin(mOO)—

(!-)2

~- 11
(53)

and

8F=(:)(JA)(+)[[ ++ 1sin(m80 + ~+i)–sin(mdO)

[

sin(m6j + ~-i) –sin(nzf30)
— ~- 11. (54)

On comparing& and 8~1 from (54) and (41), we see that

87/70 = d~l /~1,, which implies that the electron orbits

remain nearly centered on the axis. The resultant perturba-

tion in 86 in (53) comes from the relativistic variation in

the cyclotron frequency. This is most evident from compar-

ing (53) for 80 and (41) for 8~1 which shows that azimuthal

bunching is due to a variation in y as indicated in the

following equation:

-+-;8Y,
Yo

(55)

To calculate the average change in kinetic energy for our

cylindrical beam, we solve for the perturbed Lorentz factor

i3y by using (16) and averaging over the initial phase 6’..

Upon linearization, (16) becomes

(56)

where we have made use of the initial condition ~,. = O,

which corresponds to that of an axis-encircling beam. The

terms in this equation come from the variation of Do/y,

~,/y, M, M, and 87, respectively, and assume a TE mode.

Equation (56) is integrated along the unperturbed orbit

from i = O to f = ~yO /~zO. The resulting solution for ~y is

partitioned into five components, which come from the

respective five terms in (56)

[1

—

8y= *’(al +a, +a, +a, +u,) (57)
II 20

(58)

__L_,(fi)p+!]2

(59)

-[:(5)+(+)(’++3’
‘(a)(+-+:)+(x-))

.,=(~)(JJ)2(~[~+~(~)(~)]~(x)

+[1+2X(*)(+++](60)

.4=(~)(J;){2(*)[G(g(x)+(x-l)g(x)

+H(g(x)+(x +l)g’(x))]–2
()

% (A+ B)A(x)

+4%][:(%) ]

+(x+l)A+(x–l)B /Z’(X)

+(~)’(:)[:(%1

1+(x+ +l)A+(x+–l)B h(X-)

-(*)’(:)[:(R)

1)

+(x- +l)A+(x-–l)B h(X+)

(61)
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HK,, i7.0 y“— —
Yo G

T Y“

h(x)

((m@;-G
)~k=

()

(64)
Z,l Qo

Yo

‘(x)=v:~:H’‘6’)
and

h(x) = (P-l),(x). (66)

Using (57), TJ/~# is plotted as a function of magnetic

field in Fig. 2 for several values of y. for a typical cavity

operating in the TE51 ~ mode. The central m th harmonic

emission-absorption feature, as well as the (m – l)th

harmonic emission and the (m + l)th harmonic absorption

features, are evident. The (m – I)th harmonic feature lies

at higher so, and the (m + l)th harmonic feature lies at

lower ~. relative to the m th harmonic feature. In Fig. 3 is

shown the dependence of q/~~ on the axial mode number

f for TE51,. When I =1, there is a single m th harmonic

.,o~
13 16 19 22 25

60

Fig. 2. Efficiency as a function of ~. for several values of Y()

1=3

40 - 1.1

)1/1=2

20 -

I i!~l ~
00

Il. ! - . .

M
w ~

:.
20 -

1, h; ‘

i

-40 -

j
TE,,,

60
?. =13

t,,. = 015

C-3

.,o~
,3 16 19 22 2

60

Fig. 3. Efficiency as a function of B,l for TE51,

emission peak due to cross-coupling between the forward

and backward waves. For larger 1, the interactions occur

primarily for two magnetic-field values. For long cavities,

large ~, 3 ~ ~~, and the peaks occur at m~/yo = ~1 f ~11

~,,”. These emission peaks are displaced to either side of

the f = 1 peak. For short cavities, small ~, the increase in ~

with increasing ~,, causes both peaks to be shifted to

higher Do.

At the m th harmonic, three separate interactions exist.

For fast-wave systems with ~~” /y. = 1 and ~11” /y. <<1,

the dominant interaction comes from azimuthal bunching

due to the relativistic mass cyclotron maser effect, and is

contained in term aq (86 coupled to ~fl ). Strong emission

or absorption is present, depending upon whether m Q/ y.
~ o or mfl / y~ > ~, respectively. Axial magnetic bunching,

the Weibel-type instability, also occurs, and is contained in

term a ~ (~~ coupled to ~.), but is small for the fast wave

(see Chu and Hirshfield [35]). For 1 =1, axial bunching

leads to an enhancement of the cyclotron maser emission

due to cross-coupling between the forward and backward

waves. At large 1 numbers, the cross-coupling decreases,

and axial bunching detracts from the cyclotron maser

emission (this is detraction grows with increasing I due to

the increased RF magnetic field). A third interaction also

takes place, causing absorption. This instability comes

from the tendency of those electrons which gain energy to

spiral outwards to regions of stronger fields which enhance

the energy gain, and for those electrons which lose energy



VITELLOeta[.: COMPACT LOW-FIELD HIGH-FREQUENCY GYROTRON 381

1-

U
\?.005

\
/

~
\

/R_ \
. \ /-010

\
\ /’
\l

TE,,,
-015

If

70=13 \/

P,,. =015

C=3

-020

00 50 100 150 200

Fig. 4, Variation of d(8y/~~)/dias a function of i for TE511. The

separate term> shown come from: 8(~/y)~, [—--]1 13(~8/y)~a

[ 1, d@(~E,/d$) [– –1. 8z(5E6/8~) [- -1, ~~(dEd/d~) [----1

to spiral inwards to regions of weaker fields (e. f., McDer-

mott et al. [41]). This absorption instability is contained in

both terms as (87 coupled to ~.) and in al.

At the (m – l)th and (m+ l)th harmonics, there is a

single dominant instability. This interaction is nonrelativis-

tic in nature, and is due to a combinations of E x B and

VB x B drifts in terms az, a~, and as. At the (m – l)th

harmonic, the shift leads to emission, while at the (m+ l)th

harmonic it causes absorption.

The time derivative of 8y/~~ as a function of transit

time between E = O and 2 = ~ is shown in Figs. 4 and 5.

These figures correspond to the cases of maximum n /~~

for 1= l-and 1 = 3 shown in Fig. 3. The 1 = 1 case involve;

forward and backward wave interaction. The 1 = 3 case is

dominated by resonant interaction with the forward wave.

The dominance of the cyclotron maser emission term is

evident in both, as is the switch from weak emission to

strong absorption for the axial-bunching term. The radial

term leads to absorption for both 1 = 1 and 1= 3.

We can accurately approximate 8y near the m th

harmonic for ~ >> ~,, and ~,, ~ <<1 as

The magnetic mistuning for the cyclotron maser emission

peak occurs atx~–1 forl=l, andx~+l forl>l. The

RF field here rotates slightly faster than the electrons, and

“catches” the bunched particles in a phase where they lose

energy. The maximum values of g and g’ are g = 1 fo~ 1=1,

g-~12forl>l, and g’- 13/2, for all 1. Cyclotron maser

emission will remain strong, as long as
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Fig. 6 Start-osculation beam power for y.= 1.3, /3110= 0.15, ~ =3.
Arrows gwe optimum operating magnetic-field values.
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Fig. 7. Start-oscillation beam power for y(l = 1.4, ~,, ~ = 0.15, and ~ = 3.
Arrows gwe optimum operating magnetic-field vafues.

In this limit, q near the emission peak is

Using the full linear theory for efficiency, as stated in

(57), we have calculated the start-oscillation condition.

Using (19), the power balance requirement for oscillation is

shown in Figs. 6 and 7, which contain graphs of QPb versus

II., the applied magnetic field. These figures show the
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mode overlap between the m th harmonic resonances for

TE,mll modes with m = 3–8. The increase of QP~ with m

comes primarily from the decrease in J; (ZL 70). The reso-

nance widths nai-row as I/m with increasing m. TE,,I.I

modes with n >1 also emit strongly at the m th harmonic,

but at much higher frequencies and magnetic fields. For

small n, the start-oscillation beam power is nearly the same

as for the TE~ll modes. We have shown in Fig. 6 the 1 =1,

2, and 3 longitudinal modes for TE51,. When ~ = 3, in-

creasing the 1 number leads to the generation of two

resonances, both of which are shifted to higher magnetic

fields. The increase in start-oscillation power with increas-

ing 1 is due to the detrimental effects of axial bunching.

When ~ is larger, one resonance peak of the 1>1 modes

may overlap with the next-higher TEnll mode, leading to

mode competition [41]. This form of mode overlap can be

suppressed by use of cavity designs for which Q decreases

rapidly with 1 the axial mode number [3] (see [53] for a

discussion of axial mode competition). The relation for

minimum start-oscillation beam power can be found by

combining (19) and (69) and is given by

QP,(min) =

3X107 (~110)3yO(y0 -l)(~~(x~.))’(l- m2/x~.) ~w.

(~)2(Plo)2(JJ(Plom))2

(70)

IV. NONLINEAR REGIME

For large-amplitude RF fields in the nonlinear regime,

we have solved for the particle dynamics numerically, using

(9)-(15). Taking advantage of the m-fold RF-field symme-

try for TEW.[ modes and the fact that a circularly polarized

field simply rotates with time, an axially symmetric elec-

tron beam can be modeled by injecting electrons equally

spaced in the injection angle between 6’ = O and O = 2~/m

at z = O, ~ = O. The symmetries are lost for off-axis beams,

and here the test electrons, at i = O, were placed equally

spaced in d over 2 n and equally in 2 over the distance

2@,, ~/i3 just outside the cavity to account for temporal
phase effects. Between 50-100 particles were used with a

resulting error of <1 percent in the computed efficiency.

The numerical results give excellent agreement for weak

fields compared with the linear calculations. Efficiencies

were calculated by following the test electron orbits through

the gyrotron cavity until they exited, and then using the

energy loss averaged over the test electron population.

In the high-field regime, we are concerned largely with

maximum efficiencies as a function of beam and cavity

parameters. Efficiencies are optimized by searching over

the cavity field amplitude ~0 and the external magnetic

field ~0 until the maximum was found. The limitation on

the efficiency when ~>> ~,,, @,,0<<1, Bl o = 1 iS due to
phase trapping of the electrons [17], [36]. Fig. 8 shows

phase plots for a typical case as a function of 2 along the

cavity. Electrons lose energy when the phase m O – ~ is

between O and r and gain energy between r and 21T. The

‘T———r—l ‘“~
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Figj 8. ~hase plo~ as a function of z for TE~ll, &10= 0.15, y.= 1.3,
L =3, E = 0.66, BO= 1.59. The value of 2 is for each graph (a) 0.2, (b)
1.6, (c) 2.4, and (d) 3.

E-7’:
“0201X’”’”
1

/“-

1
ma

010
---

-.””

a’m~oo
23456 78
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Fig. 9, Optimum efficiency [—] and corresponding value of ~0 [----]

as a function of m for TE.,ll modes,

horizontal line gives the value of /31 for electron co-rota-

tion with the field. Particles which lose energy tend to

perform counter-clockwise orbits about the intersection of

the crossed lines in the figures. Maximum efficiency occurs

for values of ~. and ~o, such that the electrons are

bunched in phase between O and r near ~/2, where the RF

electric field is strongest. The electrons may thereafter

move into the energy-gaining phase regime, but by then the

electric-field amplitude has greatly diminished.

We have studied the dependence of the maximum ef-

ficiency on a number of parameters. Figs. 9-12 show the

variation as a function of m, y., ~,, o, and ~ for axis-encir-

cling beams ( 7gC= O). The efficiency decreases with increas-

ing m number for TE~ll modes as shown in Fig. 9. For

large m, the decay goes roughly as l/m. This behavior

appears to be due to the increasing difficulty to obtain

phase bunching in the RF-field azimuthal lobes. Since

d88/di = – ~8y/ y; and the lobes 6’ extent decreases as

l/m, it is not surprising that the average optimized by also

should vary as l/m.
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The optimum efficiency is a weakly varying function of

YO, 8 II0, and ~ for ~>> ~ II. For stnall ~, however, mial
bunching compete; with the cyclotron maser emission pro-

cess and q is greatly reduced. Outside of this regime, the

effects of varying y., @,1o, or ~ can be countered by

adjusting ~0 and ~o. For /?l o =1, we find the approximate

relation

(71)

holds over a wide range of parameters. This simply is a

statement that, for optimum efficiency, the electric field

times the transit time is nearly constant. While our results

show that high efficiencies are possible for low y. beams,

the large start-oscillation beam powers needed for them at

the high m harmonics make their use impractical.
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Fig. 13. Variation in efficiency_about the~ptimum as a function of ~1 ~,
with fixed EO= 0.66, II.= 1.5!?.
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Fig. 14. Variation in efficiency_about the optimum as a function of /3,,,,

with fixed E.= 0.66, B. =1.59.

Actual electron beams are never without some velocity

spread. We have investigated the effects of velocity spread

on the efficiency ,by taking a TE51 ~ system opti~zed for

~0 = 1.3, B II o = 0.15, add calculating the dependence of q
upon ~1 o and ~,, ~ at fixed RF-field values. These calcula-

tions show that the variations in q has a full width at half

the maximum efficiency of -0.05 for /31 o and -0.14 for

P,, o. In Figs. 13 and 14, the profiles are given for q versus

Bl o and ~ ve~s~s B,, o. The peak efficiency in both figures
corresponds to the optimized values. The ~1 o full-width at

half the optimum efficiency corresponds to a variation in

y. of -5 percent, which is comparable to the average y

variation itself which takes place during energy loss at peak

efficiency. Velocity spreads in ~1 o causing y. variations of

<2.5 percent about the optimum y. should lead to net

efficiencies greater than half of the optimum value. q is

much less sensitive to variations in ~,, o. A spread of 10

percent in /3,, o here would lead to net efficiencies -90

percent of the optimum.

From the start-oscillation beam power curves in Figs. 6

and 7, it appears that the optimum efficiency may be hard
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Fig. 15.
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For an optimized-[—] TE511 efficiency at ~0 = 0~66, BO = 1.;9 and for
the weak-field [-- -] efficiency at the start-oscillation minimum beam
power Do= 1.62.

to achieve due to mode competition. The arrows in these

figures show the optimum efficiency magnetic-field values.

In steady-state operation, one may, however, start off with

beam or magnetic-field parameters, such as to start off a

particular mode and thereafter adjust the system [7], [37]

either raising yOor lowering ~0 until one is operating in the

optimum regime. This cannot be done, though, for pulsed

systems whose field decays between bursts. The competi-

tion problem is not really severe, though. If one looks at q

plotted as a function of ~0 at optimum ~0 (see, for exam-

ple, Fig. 15 for the TE511 case) the peak is broad enough to

allow near-optimum efficiencies well out of the competi-

tion region. In fact, for the case treated in Fig. 15, if one

adjusts ~0 about the TE511 –TE611-mode QP~ cross-over

point, an efficiency of 21 percent can be reached (optimum

efficiency is 22 percent for this case). The beam may also

be prebunched as in a gyroklystron amplifier [54], in order

to bias a given mode and reduce mode competition.

One may worry also about the effect of beam placement

upon the efficiency. We have considered the dependence of

q upon the guiding center location for TE511 in two cases.
The first is in the weak-field regime where ~0 is set at the

minimum-beam power value, and the second is for optimal

~0, ~O. The results are shown in Fig. 16. Displacement of
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Fig. 17, Efficiency as_ a function of cavity radiation losses QPW for

YO ‘1.3, Plio ‘0.15, ~= 3Lnz = 5,6, and 7. The values of B. form = 5,
6, and 7 are, respectively, B.= 1.60, 1.56, and 1.54, and correspond to
start-oscillation beam powers which are Just below the next-hrgher

,
lllvue.
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Fig. 18. Beam-power requirements QP~ as a function of QPM, for the
parameters in Fig. 17. The crosses mark the point of maxrmum ef-
ficiency for each tn.

the guiding center up to 15 percent of ?W(30 percent of the

Larmor radius) produces little effect upon the saturated

efficiency. The start-oscillation value, though, appears to

decrease linearly with ?g,. A 10-percent displacement would

lead here to a 20-percent increase in start-oscillation beam

power.

As a final result, we present efficiencies and beam powers

QPb as a function of cavity-radiated power QPW form= 5,

6, and 7 for a yO=1.3, ~110= 0.15, ~ = 3 gyrotron (see

Figs. 17 and 18). The values of ~0 chosen correspond to

start-oscillation beam powers, which are just slightly lower

for the mode in question than for the next-higher mode.

The start-oscillation power (QP~ value when QPW = O) can

be reduced by_increasing yO or ~, or by decreasing B,, ~.

The value of EO, and hence QPW, at optimum efficiency

would be decreased, also. We have seen that q in the

saturated regime would be weakly affected by these changes.
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V. CONCLUSIONS

We have presented here a linear and nonlinear analysis

of the TE~ll whispering-gallery-mode gyrotron. Analytic

solutions for the weak-field efficiency and start-oscillation

beam power are given. We find that resonances occur at

the rn th and (WZ~ l)th cyclotron harmonics. The rnth

harmonic interaction leads to emission from the cyclotron

maser instability. The (m + l)th and (m – l)th resonances

give, respectively, absorption and emission due to a radial

instability y. Our analysis shows that large efficiency may be

generated for the mth harmonic interaction, >35 percent,

using high-energy beams, and that optimal efficiencies can

be quite insensitive to beam and cavity conditions over a

broad range of parameters. With an increasing m number,

however, the maximum efficiency was found to decrease.

Our calculations were made for fixed-background fields. It

has been shown that tapered magnetic fields and tapered

cavities can lead to enhanced efficiencies [36], [37], and this

should be looked into for TE.,ll mode systems. Higher

efficiencies may also be obtainable through the (rn – l)th

harmonic interaction, which does not involve bunching due

to the relativistic mass effect in conventional gyrotrons.
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